CALDERON-ZYGMUND OPERATORS RELATED TO JACOBI 

EXPANSIONS 

ADAM NOWAK AND PETER SJOGREN 

Abstract. We study several fundamental operators in harmonic analysis related to Jacobi 
expansions, including Riesz transforms, imaginary powers of the Jacobi operator, the Jacobi- 
Poisson semigroup maximal operator and Littlewood-Paley-Stein square functions. We show 
that these are (vector- valued) Calderon-Zygmund operators in the sense of the associated space 
of homogeneous type, and hence their mapping properties follow from the general theory. Our 
proofs rely on an explicit formula for the Jacobi-Poisson kernel, which we derive from a product 
formula for Jacobi polynomials. 



1. Introduction 

The fundamental paper [12] of B. Muckenhoupt and E.M. Stein initiated in 1965 an important 
development in harmonic analysis known as harmonic analysis of orthogonal expansions. The 
principal part of [12J is devoted to classical ultraspherical expansions. Recently this setting was 
reinvestigated by means of more modern techniques in [5j|6]. In the present paper we treat the 
general Jacobi setting, which is a natural generalization of the ultraspherical one. In fact, the 
suggestion of further research in this direction appears explicitly in [12} p. 22]. The point of 
view in [12] is shaped by the classical Fourier analysis in the torus and has deep roots in the 
interplay between Fourier series, analytic functions and harmonic functions. Here as in 0(6], 
we adopt the spectral point of view, which seems more natural and appropriate from a time 
perspective and was systematically applied later in the seminal monograph of Stein [18]. This 
manifests itself in slight differences between objects arising naturally according to these two 
points of view. Some aspects of harmonic analysis related to the Jacobi setting in the spirit 
of [12] were studied earlier by Li [9], and recently by Stempak [20]. However, our approach, 
governed by the general Calderon-Zygmund theory, is different and in fact much wider, and it 
seems more modern. 

Given parameters a, j3 > —1, we consider the Jacobi differential operator 

a3 _ _ a-(3 + (a + /3 + l)cos9 d + + 1 \ 2 

d9 2 sin0 d9 V 2 J 

on the interval (0, ir) equipped with the (doubling) measure 

d^ a ,/3(9) = ysin-j ( COS 2; d ®~ 
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This operator is formally symmetric and positive in L 2 (d[i a ^), and its spectral decomposition 
is discrete and is given by the classical Jacobi polynomials, see Section [2] for details. Moreover, 
ja,p a( } m its the decomposition 

where 5 = d/d9 and 5* is the formal adjoint of 5 in L 2 (dfi ai f3). For the special choice of 
a = /3 = \ — 1/2, the situation reduces to the ultraspherical setting of type A considered in 

[I21E1E]. 

The central objects of our study are the following linear or sublinear operators related to 
j a 'P (for strict definitions see Section [2]). 

(i) Imaginary powers of the Jacobi operator 

(ii) Riesz-Jacobi transforms of arbitrary order TV 

R a /: f^5 N (j a 'Py N/2 f, AT = 1,2,.... 

(iii) The Jacobi-Poisson semigroup maximal operator 



H^: f h+ || exp ( - tVj^)f\\ LOO{dty 
(iv) The vertical and horizontal square functions based on the Jacobi-Poisson semigroup 



^:/^||^exp(-t V / ^)/|| L2(4(Jt) , 
g a/:f^\\5exp(-tVJ^)f\\ L2{tdty 
(v) Mixed square functions of arbitrary orders M, N based on the Jacobi-Poisson semigroup 

9 a M,N- f» \\d™5 N ™v[-tVj^)f\\ L2{t 2M + w-i dt) , 
where M, N = 0, 1, 2, . . . and M + N > 1. 
Our main result, Theorem 1 2 . 1 1 b elow . says that under the slight restriction a,/3 > —1/2 these 
operators are scalar-valued or can be viewed as vector-valued C alder on- Zygmund operators 
in the sense of the space of homogeneous type ((0, 7r), dfj, ai p, | • |), where | • | stands for the 
ordinary distance. Consequences of this, including mapping properties in weighted IP spaces, 
are then delivered by the general theory. The present results constitute a natural extension of 
those mentioned above in the ultraspherical setting [12\ [5j [6] and complement those on Riesz 
transforms and conjugacy in the Jacobi setting j9j[20]. Further comments can be found at the 
end of Section [5J 

The main difficulty related to the Calderon-Zygmund approach is to obtain suitable kernel 
estimates. Inspired by earlier ideas used in certain Laguerre settings \17\ I16j . we present a 
transparent technique based on a convenient symmetric double-integral representation of the 
Jacobi-Poisson kernel emerging from the product formula for Jacobi polynomials due to Dijksma 
and Koornwinder [7J. This method is of independent interest and is in fact applicable to a 
larger class of operators than (i)-(v), including multipliers of Laplace transform type in the 
sense of Stein (see [181 P- 58, p. 121]) and Lusin's square functions. The well-known closed 
formula for the Jacobi-Poisson kernel in terms of Appel's hypergeometric function, see Section El 
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does not seem to be useful in this context. According to our knowledge, so far no reasonable 
representation is available for either the Jacobi heat kernel or for the multi-dimensional Jacobi- 
Poisson kernel. This is the main reason for limiting our investigations to objects expressible via 
the one-dimensional Jacobi- Poisson semigroup. 

The paper is organized as follows. Section [2] contains the setup, strict definitions of the 
operators (i)-(v), statements of the main results and accompanying comments and remarks. In 
Section El the operators (i)-(v) are proved to be L 2 -bounded and associated, in the Calderon- 
Zygmund theory sense, with the relevant kernels. Finally, Section 0] is devoted to the proofs of 
all the necessary kernel estimates. This is the largest and most technical part of the work. 

Throughout the paper we use a standard notation with essentially all symbols referring to the 
space of homogeneous type ((0, 7r), dfi a> p, | • |). Since the distance in this space is the Euclidean 
one, the ball denoted B(r,9) is simply the interval (8 — r, 9 + r) n (0, n). By (f,g)d^ a p we 
mean f, Q ^ f{0)g(ff) d/x a> ^(9) whenever the integral makes sense. Further, LP (wdn a ^) stands 
for the weighted LP space, w being a nonnegative weight on (0,7r). Given 1 < p < oo, p' is its 
adjoint exponent, 1/p + 1/p' = 1. For 1 < p < oo, we denote by Ap^ = Ap^((0, -it), dfi a ^) the 
Muckenhoupt class of A p weights related to the measure fJ, a ,/3- More precisely, Ap^ is the class 
of all nonnegative functions w such that 

1 



sup 

lex 



when 1 < p < oo, or 



I 



w(9)d» ajj3 (6) 



I 



w(9)-P'^d^(6) 



p/p' 

< oo 



If 1 

sup — / w(9) dfi a b(9) ess sup — -— < oo 

lex HaA 1 ) Ji eel w{9) 

if p = 1; here X is the class of all subintervals of (0, it). Clearly, this implies that w £ L l {d[i a ^). 
It is easy to check that a double-power weig ht w{9) = (sin |) r (cos f ) s belongs to A^ , Kp< 
oo, if and only if -{2a + 2) < r < (2a + 2)(p - 1) and -(2/3 + 2) < s < (2/3 + 2){p - 1), and 
w G A^ if and only if -(2a + 2) < r < and -(2/3 + 2) < s < 0. 

While writing estimates, we will frequently use the notation X < Y to indicate that X < CY 
with a positive constant C independent of significant quantities. We shall write X ~ Y when 
simultaneously X < Y and Y < X. 



2. Preliminaries and statement of main results 

Given a, (5 > —1, the standard Jacobi polynomials of type a, (3 are defined on the interval 
(—1,1) by the Rodrigues formula 

K = Wr (1 " x) ~ a{1 + x) ~ P d^^ 1 ~ x)a+n{1 + x)/3+n) ' n = °' h 2 ' • • • • 

Note that each ,/3 is a polynomial of degree n. It is natural and convenient to apply the 
trigonometric parametrization x = cos 9, 9 £ (0, it), and consider the normalized trigonometric 
polynomials 

(9) = c a /P^ (cos 9), 
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with the normalizing factor 

' (2n + a + j3 + l)r(n + q + (3 + l)r(n + 1) x 1/2 



T(n + a + l)r(n + /3 + 1) 

where for n = and a + /? = — 1 the product (2n + a + /3 + l)r(n + a + /? + 1) must be replaced 
by r(a + /? + 2). It is well known that the system {Vn : n > 0} is orthonormal and complete 
in L 2 ((0, 7r), dn a fi). Moreover, each Vn' 13 is an eigenfunction of the Jacobi operator, 



Thus J a 'P , considered initially on C^°(0,7r), has a natural self-adjoint extension in L 2 (d[i a ^), 
still denoted by the same symbol J a ^ and given by 

oo 

(1) J°" $ f = E X ^(f,K' $ )d^K^ 

n=0 

on the domain Dom J a, P consisting of all functions / G L 2 (dfj, a ^) for which the defining series 
converges in l?{d\i a ^). Then the spectral decomposition of J a '^ is given by ([T|. To see that 
this produces an extension from C^°(0,7r), observe that Xn'^(f, Vn^)d^ a = {J a '^ f, T ) n'^)dn a p 
for any / G C c °°(0,vr). 

The semigroup generated by the square root of J a ^ is called the Jacobi-Poisson semigroup 
and will be denoted by {Tip 13 }- We have for / G L 2 (d{L a p) and t > 

oo 

(2) n a /f = exp ( - tv 7 ^)/ = E e " t|n+2±f±i| </.^)^^. 

n=0 

the convergence being in L 2 (dfi a js). In fact, the last series converges pointwise for any / G 
^(wd/jLa^), 1 < p < oo, G ^4p'^, and defines a smooth function of (t,8) G (0,oo) x (0,7r). 
To give a brief justification of this fact, we note that the normalized Jacobi polynomials satisfy 
the estimate (see [251 (7.32.2)]) 

(3) <(n + l) Q+/3+5 / 2 , 0G(O,tt), n>0. 

Using Holder's inequality, one proves that the Fourier-Jacobi coefficients of any / G L p (wdfi a: p), 
w G Ap' 13 , 1 < p < oo, grow at most polynomially, in the sense that 

(4) \(f,K'%» a , e \ < \\f\\Ln wd ^)(n+l) a+ e +5 / 2 , n > 0. 

Therefore, the series in ([2]) converges absolutely and uniformly because of the exponentially 
decreasing factor. Moreover, term by term differentiation of this series together with the differ- 
entiation rule (cf. [251 (4.21.7)]) 

(5) % V n\V) = -\Vn(n + a + P + l) sin 9 V^ +1 (9) , n > 0, 

shows that it defines a smooth function of (t,9) G (0, oo) x (0, ir). In (|5j), and elsewhere, we use 
the convention that V't = if A; < 0. Thus the series ([2]) can be regarded as a definition of 
on the weighted spaces L p (wd/j, a ^), w G Ap 13 , 1 < p < oo. 
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The integral representation of {'H't^}, valid on the weighted LP spaces mentioned above (see 
21] or |13| for the relevant arguments), is 



K' p f(9)= T H?>P(e,<p)f(<p)d» a> p(<p), 6(0,70, t>o, 

Jo 

with the Jacobi-Poisson kernel 

oo 

(6) E^{0M = E e ~ tln+a ~ ±§±ll ' P n"(0)K' (3 (^ 

n=0 

The last series converges absolutely for all 9, <p £ (0, tt) and t > 0, defining a smooth function of 
(t,9,ip) G (0, oo) x (0, 7r) 2 ; this follows from ©, Q and term by term differentiation. On the 
other hand, the series in ([6]) is highly oscillating. Since the behavior of the kernel is essentially 
hidden behind the oscillations, to analyze objects involving H^^{9,ip) we will need a more 
convenient representation. It is well known that H^'^(9,ip) can be expressed by means of 
Appel's hyper geometric function of two variables F^. For a,/3 > —1 such that a + (5 > —1 



2+«+0+V«,|S((O,7r)) (cosh|)«+/ 3 + 2 



v jp ( a + P + 2 a + P + 3 , -i /Oii f sin f sin !V fcosfcosf^ 
Xf4 , ;a + l,p + l. 



cosh | / ' \ cosh | 

This formula is due to Watson; it can also be obtained from a result of Bailey, see [IJ p. 385- 
387]. From this expression, positivity and continuity with respect to the parameters a, j3 of the 
Jacobi-Poisson kernel can easily be seen. However, for our purposes we need a more suitable 
representation, which will be derived in Section UJ 

We now give precise definitions on L 2 ((f^ Qj( g) of our main objects of interest. For / € 
L 2 (dn a ^) we define 

(i) imaginary powers of the Jacobi operator 



oo 



iff = y>+ - 1 : 1 : ' (f,K' p )d^r., 



a + /3 + l 



n=0 ' 

where a + f3 ^ -1, 7 6 R, 7 7^ 0; 
(ii) Riesz-Jacobi transforms of order iV 



-271 



;,|9 ' n ' 



-N 



n J 



jpL , + £ + ! 

n=0 

where a + /3 ^ — 1 and iV = 1,2, . . .; 
(iii) the Jacobi-Poisson semigroup maximal operator 

Hff(9) = \\H?' P f(9)\\ Loo{dt) , 0g(O,tt); 



(iv) the vertical and horizontal square functions based on the Jacobi-Poisson semigroup 



gf(f)(9) = \\d t nff(9)\\ L2{tdty 0e(O,7r), 

9 a / (f)(0) = \\Snff(9)\\ L2{tdty 0G(O,tt); 
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(v) mixed square functions of arbitrary orders based on the Jacobi-Poisson semigroup 

9M%(f)(0) = W^t 1 'S N, H^' f(9)\\ L 2( t 2M+2N-l dt y 

where M, N = 0, 1, 2, . . . and M + N > 0. 

Notice that (v) includes (iv) because gy = g^Q and g^ = g$ ± . Here and in the statements 
of the results we distinguish gy and g^ since these are the most common g- functions. As 
will be explained in Section El Iy and R°^ are indeed well defined on L 2 {d\i a ^) by the above 
formulas, since the series converge in L 2 {d^i a ^) and the operators are bounded on L 2 {dii a ^). 
As for the remaining operators, their definitions are understood pointwise and are valid for 
general / G L p (wdfi a ^), w G Ap^ , 1 < p < oo, since f(0) is a smooth function of 
(t,9) G (0,oo) x (0,tt). 

We remark that in the so-called critical case when a + (3 = — 1 (and in particular in the 
fundamental case a, = /3 = —1/2), 1"^ and cannot be defined by the above spectral 

formulas since then is an eigenvalue of J a ^ . To deal with this obstacle, one usually considers 
these operators on the orthogonal complement of the eigenspace corresponding to the eigenvalue 
0. So letting IIo be the orthogonal projection onto {Vq }"*", for / G L 2 (dfi a ^) we can consider 
in the critical case 



71=1 
OO 



2 



R a /Kof = £ In + ^±l±l - (/, ^ 5 N K fi t N = 1,2,.... 

n=l ' Z 

These definitions are indeed correct, see Section [3] below. Moreover, since SV^' 13 vanishes, the 
case of the Riesz transforms can actually be covered by the definition in (ii) above. Thus in 
further considerations we will not distinguish the critical case and always denote the Riesz 
operators by Rj} . 

The operators %" ,/3 , g v , g^f , gfy N are not linear. They are, however, associated with 
vector-valued linear operators taking values in some Banach space B. Indeed, it is convenient 
to identify each of them with a linear operator which maps a scalar- valued function of 9 G (0, ir) 
to a B-valued function of 6. The corresponding nonlinear operator defined above is then obtained 
by taking the B norm at each point 9, or rather at a. a. 9. Clearly, B will be L 2 (tdt) in the 
cases of gy and g§ , and L 2 (t 2M+2N ~ l dt) in the case of gfy - N . For we shall, for technical 
reasons, choose B not as L°°(dt) but as the closed and separable subspace X C L° c (dt) consisting 
of all continuous functions / in (0, oo) which have finite limits as t — > + and as t — > oo. In 
all the four cases, we shall say that the operator is associated with the corresponding Banach 
space B. Similarly, the linear operators I" and R^ will be said to be associated with the 
Banach space B = C. 

To obtain the boundedness results for our operators, we shall see that they are vector-valued 
C alder on- Zygmund operators, in the sense that we now define. As always, this definition goes 
via the kernel. So let B be a Banach space and let K(9, (p) be a kernel defined on (0, ir) x 
(0, ir)\{(9, if) : 9 = ip} and taking values in B. We say that K(0,cp) is a standard kernel in the 



-271 
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sense of the space of homogeneous type ((0, tt), d[J, a> p, | • |) if it satisfies the growth estimate 

(7) \mo,<p)h< 



ncpiBfriv - e\)) 

and the smoothness estimates 

(8) m>. V )-W.V)hS^ ^e^^y l»-^>2|»-«-|, 

(9) m ^)-K M <J^ ^ AB{ ^_ ew |»-d>Wli 

here B(9,r) denotes the ball (interval) centered at and of radius r. When K(9,(p) is scalar- 
valued, i.e. B = C, the difference conditions ([8]) and (J9]) can be replaced by the more convenient 
gradient condition 

(10) |W^)| + < 77 1 T^T, 2mV 

|6» - ip\n a ^(B{e, \<p - e\)) 

Notice that in these formulas, the ball B(9, \ip — 9\) can be replaced by B(ip, \<p — 9\), in view of 
the doubling property of fJ, ai p. 

A linear operator T assigning to each / G L 2 (dfi ai p) a measurable IB-valued function Tf 
on (0, tt) is said to be a (vector- valued) Calderon-Zygmund operator in the sense of the space 
((0, 7r), dfioc t p, | • |) associated with IB if 

(a) T is bounded from L 2 (d^ Qj( g) to L^(d^ Qj( g), and 

(b) there exists a standard IB-valued kernel K(9, ip) such that 

(11) Tf{9)= ! K(0,<p)f(<p)diia,p((p), a.e. 0£supp/, 

./(o,7r) 

for every / G L 2 ((0, 7r), d/j, a> p) with compact support in (0,7r). 
When (6) holds, we write T ~ K(9, <p) and say that T is associated with K. Here integration 
of IB-valued functions is understood in Bochner's sense, and L^(d// Qi ^) is the Bochner-Lebesgue 
space of all IB-valued d^ a)i g-square integrable functions on (0,7r). It is well known that a large 
part of the classical theory of Calderon-Zygmund operators remains valid, with appropriate 
adjustments, when the underlying space is of homogeneous type and the associated kernels are 
vector- valued, see for instance the comments in p. 649] and references given there. 
The main result of the paper reads as follows. 

Theorem 2.1. Assume that a,/3> —1/2. The operators 1^'^ , a + f3 > — 1, 7 / 0, and 
, N = 1,2, . . ., are Calderon-Zygmund operators in the sense of the space of homogeneous 
type ((0, 7r), dfi a fl } | • |). Moreover, each of the operators Tl*' 13 , g v , g°^f and g^f N , M,N = 
0, 1, 2, . . M + N > 1, viewed as a vector-valued operator, is a Calderon-Zygmund operator in 
the sense of the space ((0, tt), d[i a ^, \ • |) associated with IB, and here IB is X, L 2 {tdt), L 2 {tdt) or 
L?{t 2M+2N ~ l dt), respectively. 

The proof of Theorem 12.11 splits naturally into the following three results. 

Proposition 2.2. Let a, /3 > -1/2. The operators , a + f3 > -I, 7 ^ 0, , N = 1,2, 

> 9y j 9jh > an d 9m N' M,N = 0,1,2,..., M + N > 1, are bounded on L?(d[i a ^). In 
particular, each of the operators , g v ^ , 9°jf , 9m^N' M,N = 0,1,2,..., M + N > 1, 
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viewed as a vector-valued operator, is bounded from L 2 (dfi a ^) to L^(dfx a g), where B is as in 
Theorem \2.1\ Moreover, the operators g v = g^Q and more generally g^f Q are essentially 
isometries on L 2 in the sense that 

\\9Mfl(f)\\L 2 (d^ a ^) = c II/IIl 2 (^ q ^) 

with c = c(M); however, in the case when a = (3 = —1/2, one must replace f by Hq/ in the 
right-hand side here. 

For a,/3 > — 1/2 define the kernels 

1 f°° 

(12) K^(e,<p) = —-rj H^(9,p)t 2l ^ l dt, 7 € R, j^O, a + /3>-l, 

Rf{e, <p) = y^)J o d eH^(e, ^t*- 1 dt, n>i. 

Proposition 2.3. Let a, {3 > —1/2. The operators Ij'^ ' , a + f3 > —1, 7 / 0, and R^ , 
N = 1, 2, . . ., are associated with the following kernels: 

i^-Kfie,?), R^-Rv/ie^). 

Further, the operators H* , gy 13 , g°^f , 9°m^, M,N = 0,1,2,..., M + N > 1, viewed as 
vector-valued operators, are associated with the following M-valued kernels: 

U a J ~ {H^(6,ip)} t>0 , gf ~ {d t H^(e^)} t>0 , 

g a / ~ {d e H^(e, ^)} 4 >o, 9 a M % ~ {d t M d»H^(0, ip)} t>0 . 

Here B is as in Theorem \2.1\ 

Theorem 2.4. Assume that a, /3 > —1/2. The scalar-valued kernels K^^{8,Lp), 7 € K, 7 7^ 0, 
a + P > —1, and R^{6,ip), N = 1,2,..., satisfy the standard estimates (|7|), with B = C, 
and ()10p . Further, the vector-valued kernels appearing in Proposition \2.3\ satisfy the standard 
estimates ([7|), (|8|) and ([9]), with B as before. 

The proofs of Propositions 12.21 and 12. 31 are given in Section The proof of Theorem l2.4l is the 
most technical part of the paper and is located in Section HI The restriction a, (3 > —1/2 in the 
results is imposed by the method we use to prove the standard estimates in Theorem 12.41 and 
more precisely by a similar restriction in the fundamental formula of Dijksma and Koornwinder 
needed to derive suitable expressions for the kernels; see Section 2] for details. 

An important consequence of Theorem 12.11 is the following. 

Corollary 2.5. Let a,/3 > —1/2. Then each of the operators Ij'^ , a + (3 > —1, 7^0, R^ ' , 
N = 1,2,..., Hf P , gy' 13 , g a /, and g^ N , M,N = 0,1,2,..., M + N > 1, is bounded on 
LP{wd^i a ^), w S Ap 13 , 1 < p < co, and from L 1 (wd^ a: g) to weak L 1 (wd^ ct: g), w E . 

Further consequences of Theorem 12.11 can be derived from the general theory of Calderon- 
Zygmund operators, see for instance [4, Section 1] and references given there. We leave this to 
interested readers. 
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Proof of Corollary \2.5l The assertions for the scalar- valued operators J"'' 3 and follow from 
the standard C alder on- Zygmund theory for spaces of homogeneous type. 

The case of the maximal operator is analogous to the Laguerre heat-diffusion maximal 
operator considered in [16], see the proof of |16^ Theorem 2.1]. The relevant fact that each 
Ht , t > 0, is bounded on LP(wdn a ^), w G Ap ,lB , 1 < p < oo, can be easily justified by means 
of © and @. 

Finally, the assertions for the square functions g v '^ , g^ , Om^ni are P rove d by means of ([3]) 
and (j4j), by the arguments used in the Hermite and Laguerre function settings; see the proofs 
of [221 Theorem 2.2] and [24, Corollary 2.5]. □ 

We finish this section with various remarks. 

Remark 2.6. It is not appropriate to replace 5 by its adjoint 5* = —5 — (a + \) cot | + (/3 + 
^) tan | in the definitions of the Riesz-Jacobi transforms and the square functions involving the 
horizontal component. Focus for instance on g§ . Let -(f)(9) = W^'Ht^ f(^)\\L 2 (tdt) be the 
g- function arising by replacing 5 with 5* in the definition of g'i '■ . A direct computation reveals 
that, for a + P > -1/2, 



%f(W){e) = \a + + l\ 



V^(9). 



1 ^ ( n l \ e 
a+ 2) C ° t 2-l /3+ 2J tan 2 



Since V^ p G U>(d\i a #) for all p > 1 and gi P (V^ p ) $ L p {d^ afi ) when p > min(2a + 2, 2/3 + 2), 
we see that g^ p is not bounded on all the spaces L p (dfi a ^), 1 < p < oo. In particular, it follows 
that cannot be a Calderon-Zygmund operator. 

Remark 2.7. Lower L p estimates, 1 < p < oo, for the Jacobi vertical square functions can be 
deduced from Corollary 12.51 and a standard duality argument, see [12^ p. 66-67]. This can be 
generalized to the weighted setting with Ap 13 weights admitted, see [241 Remark 2.6]. 

Remark 2.8. In connection with the critical case a + j3 = — 1 excluded in Theorem 12.11 we note 
that for a = (3 = —1/2 the operator I^^Uq can be treated like Ij , a + (3 / —1, and proved 
to be a Calderon-Zygmund operator associated with the kernel 

^_ 1 poo 

K -i/2,-i/2 (d}(p)= * ■ I d t H; l/2 >- l/2 (e,v)t 2l ~<dt, 7 GM, 7/0. 

Details are left to interested readers. 

Finally, we relate our results to those in the earlier papers mentioned in the introduction and 
concerning the Jacobi setting. 

In the article [6], the authors consider the ultraspherical setting with the type parameter 
A > 0, which coincides with our Jacobi setting with a = (3 = X — 1/2 >— 1/2. In the main 
result, they prove that the corresponding Riesz transforms of arbitrary order are Calderon- 
Zygmund operators in the sense of the associated space of homogeneous type. Moreover, they 
show that certain square functions, see (6j (1.4), (1.5)], can be viewed as vector-valued Calderon- 
Zygmund operators. Our present results extend those from [6] in several directions. First of all, 
we consider the Jacobi setting with arbitrary a,j3 > —1/2; in particular, the case a = /3 = — 1/2 
is included. Secondly, we deal with an essentially wider variety of operators, including imaginary 



10 



A. NOWAK AND P. SJOGREN 



powers, the Poisson semigroup maximal operator and mixed square functions. For a = f3 the 
Riesz-Jacobi transforms coincide with the Riesz operators from [6], the vertical g- function 
gp^ coincides with the ^-function in [6J (1-4)], and the horizontal g-function g°^f dominates that 
in [6l (1.5)]. The technique for proving standard estimates developed in this paper is different 
even in the ultraspherical setting and seems more transparent. In addition, we give a shorter 
proof of the L 2 -boundedness of the Riesz-Jacobi transforms. 

The first-order Riesz transform related to ultraspherical expansions of type A > was in- 
vestigated earlier, by different methods, in [5], and, among other results, the L p -boundedness, 
1 < p < oo, and weak type (1, 1) were obtained in the unweighted context. 

Considering the fundamental paper |12j . we already mentioned that our definitions of op- 
erators, as well as those in [6] , are "spectral" and differ from those in |12j . However, they 
are related and this allows one to move certain results in both directions. For instance the 
ultraspherical Riesz transform of order 1 and thus also our Riesz-Jacobi transform are related 
to the conjugate function mapping from [12] by a well-behaved multiplier operator, see [5[ Sec- 
tion 6]. Further, the ^-function studied in [12] can be treated, at least partially, by means of 
the Calderon-Zygmund theory and the technique of kernel estimates presented in Section [H 
see [U Section 4.3]. The L p and weak-type (1, 1) boundedness of the Poisson integral maximal 
operator proved in [12] can also be obtained from our result about the maximal operator . 

Some results of |12j were generalized to the Jacobi setting in [9] , in particular the L p mapping 
properties of the conjugate function mapping. The proof in [9] is based on deep estimates of 
the transplantation kernel for Jacobi orthonormalized polynomials obtained by Muckenhoupt 
|llj . In fact the result on the conjugate function mapping in [9] (and thus also in [12]) is a 
direct consequence of Muckenhoupt 's transplantation theorem [IT], see [201 Section 5]. 

We mention that conjugacy problems in other Jacobi settings were investigated earlier by 
Stempak [19] in the ultraspherical case and by the authors [14]. Recently, Betancor et al. 
[3] complemented the results of [6] by deriving principal-value integral representations for the 
ultraspherical Riesz transforms of higher orders. 

The imaginary powers of the Jacobi operator can be viewed as spectral multipliers related 
to J a ^ . Consequently, some special cases of our main result on Zy are covered by multiplier 
theorems existing in the literature. In particular, JJy is a multiplier of Laplace transform type 
in the sense of Stein [18] and hence, in the ultraspherical case, its unweighted L p -boundedness 
and weak type (1, 1) follow from the result of Martinez, see |10t Theorem 1.1]. For an account 
of other multiplier theorems in the ultraspherical and Jacobi settings, we refer to |10|. Section 1]. 
Finally, we observe that with only slightly more effort, our methods are sufficient for proving, 
via the Calderon-Zygmund theory, a weighted multiplier theorem for Jacobi expansions in the 
spirit of Stein's general multiplier theorem for contraction semigroups [181 Corollary 3, p. 121]. 
We leave the details to interested readers. 

3. L 2 -BOUNDEDNESS AND KERNEL ASSOCIATIONS 

In this section we show that the operators that we are dealing with are indeed well defined 
and bounded on L 2 (dfi a ^). Then we identify the kernels which these operators are associated 
with in the Calderon-Zygmund theory sense. 
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Proof of Proposition \2.$$ the cases of Ij and . The Plancherel theorem shows that the 
imaginary powers 1^ are well-defined isometries on L 2 (dfi a! /s), except when a = f3 = —1/2. 
In the latter case, the I"^Hq are isometries on {Vq' /3 } 1 ' and contractions on L 2 (dfi a ^). 

Next, we observe that the L 2 -boundedness of the maximal operator H*'^ is a consequence 
of the analogous property for the Jacobi-Poisson maximal operator S*'^ in the standard Jacobi 
polynomial setting, see [TH p. 346]. This is because can be controlled pointwise by that 
maximal operator. Indeed, letting {T^' 13 } be the one-dimensional Jacobi semigroup in the 
setting of [14] and {T" ,/3 } be the semigroup generated by J a ^ , we have 

T?' P (f o cos)(0) = e^^^T^f (cos 8), 9 G (0, vr), 

for suitable functions / on (—1, 1). Then the subordination principle implies |"%* (/ocos)(#)| < 
5 1 * |/|(cos 9), and the conclusion follows. □ 

The treatment of the Riesz transforms is less straightforward. It is not even clear whether 
the defining series converges in L 2 (dfi a ^), and this is because {5 N Vn : n = 0, 1, 2, . . .} does 
not form an orthogonal system unless N = 1. To overcome this obstacle, we will decompose 
5 N Vn' 13 into a suitable sum involving other orthogonal systems, see |15} Section 4] for a general 
background. For this purpose, the following formula is crucial (cf. [EJ (7.27)]) 

A cos 9 VT_\^ (9) = B ( sin \ cos i) V^ 2 ^ 2 (*) + <?( sin t) \™ (*) 

(13) +D ( cos e _y v ^+ 2 {e) + EV^(9), n> 1, 
with the coefficients 

A = (a + l)(P + l)(a + p + 2n), 

B = \/(n-l)(n + a + /3 + 2)((ri - l)(a + p + 2) + (a + l) 2 + (/3 + l) 2 ), 

C = (p- a)y/(n + P)(n + a + l)(n + a), 

D = (P- a)y/(n + a)(n + P + l)(n + P), 

E = ^n{n + a + P + l)((n - l)(a + /3 + 2) + 2(a + l)(/3 + 1)) . 
Notice that vl ~ n, and that £ = C(n 2 ), C = C(n 2 ), £> = 0(n 2 ) and E = 0(n 2 ) as n -)• oo. 
Lemma 3.1. Xei iV > 1. T/ien we have the decomposition 

(14) 6W)= £ 0(^)(sin^(cos^)V n ^W. 

Here and in the sequel, we write expressions like 0{n ) for factors which are independent of 
# and which are bounded in modulus by Cn N with C independent of n, and also independent 
of M in connection with the operators g^f N - 

Proof of Lemma \3.1{ First we claim that 

(15) 6 N VZ' fi (0)= 0{n N - r+m ){sm9) m {cos9) r ~ m V^ r / +r {9). 

l<r<N 
0<m<r 
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To verify this we will use Faa di Bruno's formula for the iVth derivative of the composition of 
two functions (see [8] for the related references and interesting historical remarks), 

<«> tfc = m> - e ^ p o m (^mf • • • (^)*\ 

where the summation runs over all k\, ... , fcjv > such that k\ +2k2 + . . . + Nkw = N. Choosing 
f(6) = cosO and g(x) = gn'^{%) = "P" (arccos x), and using the fact that 

d x g(x) = -\yjn{n + a + /3 + T)V^ +1 (arccos x) = 0(n)g^ +1 (x), 
which follows from the differentiation rule ([5]). we see that 

5 N VZ' P (9) = Yl O(nl fc l)(sin0) E °dd l <A r fe l ( cos 0)Eevcn l <A r ^p°+W./ 3 +l fc l(0). 

fci+2fc 2 +...+A r fcjv=A r 

Since the powers of sin# and cos0 sum to \k\ and the constraint k\ + 2ki + . . . + Nkjy = N 
implies \k\ < N — Y2eveni<N ^ ne claim follows if we let \k\ = r and Yloddi<N ^ = m - 
Next, we claim that for r — m > 1 

/ a\r— m^r>a+r,fi+r , Q \ 

(cos 9) V n _ T {9) 
si,s 2 e{o,i} r - m 

where |s2 1 denote the lengths of the multi-indices si,S2- Indeed, by (fT3|) we get 

si,s 2 e{o,i} 

and iterating this we arrive precisely at (|17p . 

A combination of f)15 j) and (117j) , and the fact that sin 9 = 2 sin | cos | , reveal that 

where the summation runs over < m < N and si, s 2 € {0, 1}^"™, possibly with some terms 
vanishing. This implies the assertion of the lemma. □ 



We note that (|14p could be improved, since some of the terms vanish. 



Proof of Proposition POl - the case of . Using Lemma [37TI and taking into account the fact 
that each of the systems 

(18) { ( sin " ( cos ~) n V^ + \e) : n = 0, 1, 2, . . . } , r,,u > 0, 

is orthonormal in L 2 (d/j, a ^), we infer (see |15t Proposition 3]) that the operators are well 
defined and bounded on l?{d\i a ^\ □ 

We proceed to square functions. 

Proof of Proposition POl - the cases of g^ , g°^f and g^f N - It is enough to verify the bounded- 
ness in L 2 (d// Qji g) of 

9 a M%U){0) = \W I 5 N n^f{9)\\ L2{t2M+2N ^ dt) 

with any M, N = 0, 1, 2, . . . such that M + N > 0. 
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By differentiating the series defining "Hf f in (|2J), we get for / £ L 2 (d// Q)j a) 

n=0 

which in view of Lemma 13.11 gives 



- E E V"* 1 ^* 1 (/, TtfV,, ( sin |) " ( cos |) V n %^ (9) . 

0<u,-q,p<2N n=0 

In the exceptional case a + /3 + 1 = 0, there is no term with n = in these and the next few 
sums. Now the orthonormality of the systems (JTHJ) leads to 

pn poo 

J o 



n=0 



„2M+2iV 

U ' ' - , |2 



= T(2M + 2N) ^ g M+2JV | (/, TV ,,,„„.. 

n=0 ' 

~ ll/lli 2 (d Ma ^)- 

Finally, to prove the claimed isometry property of <7^q, notice that 



n=0 

Then Parseval's theorem shows that, for / G L 2 (d// Qj( g), 

— n ^ 



n=0 

= 2- 2M nm\\f\\h (d ^y 

when a + /3 + 1 = the last occurrence of / must be replaced by LTo/. □ 

We pass to kernel associations. 

Proof of Proposition Wlk The arguments we shall give go essentially as follows. If T is one of 
the scalar-valued operators and K(6, ip) is a candidate for an associated kernel, then for density 
reasons it is enough to verify that 



(Tf,g) dtia:g = // K(e, ( p)f( ( p)g(e)diM a , p (<p)diM a , p (e) 

JJ{0,tt) 2 

for all f,g G C£°(0, 7r) with disjoint supports. The definition of T in L 2 {dii a ^) by means of the 
spectral series together with Parseval's identity allows us to write the left-hand side here as a 
series involving the Fourier-Jacobi coefficients of / and g and in some cases also the auxiliary 
Jacobi systems (|18p . It is sufficient to check that this series coincides with the right-hand 
side. This is clear on the formal level, after expressing the kernel K(8, <p) in terms of a series 
involving products Vn^ {0)Vn (v 9 ) an d then changing orders of summation, integration and 
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possibly differentiation. However, ensuring that these order changes are indeed legitimate is a 
delicate matter since the kernel has a non-integrable singularity. To perform this task, one has 
to use the fact that the supports of / and g are disjoint, in order to avoid the singularity. As 
usual in similar situations, this is combined with, among other things, estimates of expressions 
related to the kernel and some information on the growth of the eigenfunctions Vn^ as n — > oo. 
The case of a vector-valued T is in principle similar, only the technicalities are a bit more 
complex. If K(9, ip) is now a candidate for a IB-valued kernel associated with one of our square 
function operators, say T, then the task is easily reduced to verifying that 

(Tf, k) = ( f K(; ip)f(ip) d^if), h) 

for each fixed / S C£°(0, it) and a set of h that spans a dense subspace of Ljj» ((supp f) c , d[x aj p). 
Here the dual B* is identified with B. The pairing above is understood in the sense of 
L^((supp f) c , dfjL a ^) and its dual, which happens to be the same space in view of self-duality 
of B. From here, roughly speaking, one proceeds with manipulations, see |22l [24], in the spirit 
described above for the scalar-valued case. The case of the maximal operator is even easier, 
since then it is enough to test the identity (jlip for / G C£°(0, ir) and only by pairing with point 
measures 5t £ B* at to > 0. 

All the relevant arguments needed to prove Proposition 12.31 were given in detail elsewhere 
in the settings of Hermite and Laguerre function expansions, see (2TJ [22j [231 EH El]- Since 
the reasoning in the Jacobi setting is completely analogous, we only indicate what ingredients 
specific to the present context are necessary to make the proofs go through. 

To treat the imaginary powers Iy , we proceed as in the proof of \23\ Proposition 4.2], with 
the aid of ([3]); notice that ([3]) implies immediately (jlj) specified to p = 1 and w = 1. The 
argument starts with an integration by parts in (I12D , and to see that there will be no integrated 
term, one needs to know that the Jacobi- Poisson kernel has limit as either t — > or t — > oo. 
This, however, follows from Proposition 14.11 below; the decay at infinity is also visible in ([6]). 
The relevant estimate for functions f,g£ C£°(0,7r) with disjoint supports 




d t H?'*(0,ip)\dt\g(6)f(<p)\dii ai f i (6)dii a ,p(<p) <oo 



holds because, for given compact and disjoint sets E,F C (0, n), we have 

/•oo 

/ \d t H^(8,ip)\dt<l, 8£E, cpGF. 
Jo 

The last bound, in turn, can be easily justified by means of the technique developed in Section^ 
see the proof of the growth condition in the case of fly . 

Considering the Riesz- Jacobi transforms , we copy with appropriate adjustments the 
reasoning from the proofs of |16l Propositions 3.3 and 3.7]. The relevant ingredients are the 
orthogonal decomposition of 5 N Vn^ stated in Lemma |3.1| the estimate ([3]) and a strengthened 
version of the growth condition for R^(9, ip), 

r-oo i 

/ \d^H^(e,p)\t N -Ut < — — ^ 9,pe (0,vr). 
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The last bound is proved implicitly in Section see the proof of the growth condition for the 
kernel associated to R^J . 

To deal with the maximal operator "H"" 3 , we first ensure that the vector- valued linear operator 
1~L a, P defined on L 2 (d[i a ^) and assigning to an / G L 2 (dfi a ^) the function 7-L a, Pf whose value 
at 9 G (0, 7r) is 

n^f{9) = {U^f(e)} t>0 , 

has indeed its values in the Bochner-Lebesgue space This, however, follows as in 

the proof of [16, Theorem 2.1], since %tf{0) is continuous in (t,6) G (0, oo) x (0,7r) for 
/ G L 2 (c?/x Q , !( g), and the scalar- valued maximal operator is bounded on L 2 (dfj, a ^), see 

Proposition l2.21 Indeed, given / G L 2 (d\x a ^\ the boundedness of the maximal operator together 
with the completeness of {Vn^ : n > 0} in L 2 (dfi a ^) implies by standard arguments the 
existence of the limit lim t _ > .Q+ Tl"^ f(9) for a.a. 6 G (0, ir). The existence of lim^oo %^ f{9) is 
more elementary since by ([3]) 

' < Sr p -t\n+2+§±l\ (n ,^2 a +2p+5 



\n^f(e)\ 



n>0 



.£e-^+^l(n + l) 

n>0 



which justifies the case when a + /3 + 1 ^ 0. When a + ft + 1 = 0, we write 



H 



a,/3 
t 



/(*) ^ / f(9) d^AO) < £ e^^Kn + l? a+W 



From this point we continue using the arguments from the proof of \16\ Theorem 2.1] combined 
with the growth condition for {H^' (0,<p)}t>o proved in Section SI 

Finally, the treatment of the square functions g^,f N , M,N > 0, M + N > 0, relies on 
repeating, with suitable modifications, the arguments from the proof of [24, Proposition 2.3]. 
Here the important ingredients are: the estimate ([3]), the L 2 -boundedness from Proposition 
12.21 and the growth condition for the associated vector- valued kernels proved in Section [H In 
addition, in the cases of (/-functions with non-trivial horizontal component, the decomposition 
of b N Vn^ from Lemma l3.1l is needed. □ 

We remark that the proof just given is based on known arguments in the Laguerre setting, 
even though the Hermite setting is the basic prototype, cf. [211 1121 E3]. This is because 
the Laguerre setting is closer to the present Jacobi context, sharing phenomena absent in the 
Hermite case like the presence of the type parameters and the additional orthogonal systems 
emerging from the decomposition (|14p . 

4. Kernel estimates 

This section is devoted to proving all the necessary kernel estimates. We start by deriving a 
suitable representation for the Jacobi- Poisson kernel Q. This will be achieved by applying the 
product formula due to Dijksma and Koornwinder [7], 

x*^n _o Ap^/, r(a + (3 + l)T(n + a + l)T(n + /3 + 1) 



P%< p (l -2s z )P^(l -2t 



vrn!r(n + a + (3 + l)T(a + 1/2)T(J3 + 1/2) 
C£ P+ \u8t + vy/T^VT^)(l - u 2 )*- 1 ' 2 ^ - vy-^dudv, 
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valid for a, f3 > —1/2; here C£ is the classical kth Gegenbauer polynomial of type A. Let Il c 
be the probability measure on the interval [—1,1] defined for a > —1/2 by 

^iTT(a + 1/2) 



In the limit case a = —1/2, we put 



1 



n_i /2 = 2^-1 + 5 



Note that H-1/2 is the weak limit of Il a as a — > —1/2. Using the above product formula with 
s = sin I and t = sin % , the relation between the polynomials Pn and Vn , and the fact that 
^a,p{^i tt) = r(a + l)r(/3 + l)/r(a + /3 + 2), we arrive at the identity 

1 2n + a + /3 + l 



Ma,/9(0,7r) a + /3 + l 
x JJdU a ( U )dU^v)C^ +1 
Thus, letting A = a + /3 + 1, we have in view of © 

= — L-T / / dn a (u)<m (v) 



. V ip V tp 

u sm — sin \- v cos — cos — 

2 2 2 2 



oc 



2 ^ti+a; ^a _ r_ + „ cos _ cos r. 

A V 2 2 2 2 

n=0 

To sum the last series, we use the generating function (cf. (1.27)]) 

00 _i_ \ 1 2 

(19) E^^K= (1 _ 2zr " + r r2)A+1 , |r|<l, A>0. 

The fact that Gegenbauer polynomials of even orders are even functions, and those of odd 
orders are odd functions, reveals that summing only over even indices in (|19[) will produce the 
even part of the right-hand side. Therefore we get 



"■''^ = 2^vl(0,,) 5in ^ // dII «(">^(") 

1 



+ 



(cosh I — u sin | sin % —v cos | cos f ) A+1 (cosh | + it sin | sin ^ + v cos | cos f ) A+1 
Taking into account the symmetry of the measures II Q and 11^ , we end up with the formula 

H ^ = sinh(t/2) rf dU a (u)dU (v) 

t if) 2 a +^+V Q ^(0,7r) JJ (coshf-usinfsinf -ucosf cosf)<*+£+ 2 ' 

By continuity arguments, this representation remains valid in the limiting cases when a = — 1/2 
or (3 = — 1/2. In particular, for a = (3 = — 1/2 the formula gives 



sinh i sinh i 

+ 



cosh i — cos(6> — ip) cosh i — cos(# + (p) 
Here one recovers the standard Poisson kernel of the unit disc, applied to even functions on 
the boundary, since the last expression equals (P(re 10 , e lip ) + P(re %e , e~ lip ))/2, with r = e~ l and 
P(z,w) = (2vr)- 1 (l - \z\ 2 )/\z - w\ 2 . 
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This provides a symmetric and nonnegative expression for H^{9, ip), which turns out to be 
especially well suited to our framework. For the considerations that follow, it is convenient to 
rewrite the last expression for in terms of the function 

q(9, ip, u, v) = 1 — u sin ^ sin ^ — v cos - cos ^, 0, ^G(0,7r), u, v £ [— 1,1]. 

Proposition 4.1. T/ie Jacobi-Poisson kernel can be written as 
fort u a ^ia \ ■ u l ff dH a (u)dU^(v) 

with c a> p = 2- a - l3 ~ 1 /fi a ^(0,Tr). □ 

For further reference, observe that 

(21) 2 sin 2 = q(6, <p, 1, 1) < q(9, tp, u, v) < q(9, if, -I, -I) =2 cos 2 

so the quantity q(9, ip, u, v) is nonnegative and bounded from above by 2. Moreover, it is strictly 
positive when 9 ^ <p. 

The following lemma describes the measure of the interval B(9, \<p — 9\) and is valid for all 
a,/3 > -1. 

Lemma 4.2. For all 9,ip G (0, tt), one has 

^{B(9, \<p -e\))~\<p- 9\(9 + <p)**+ x {it -9 + 7T- pf? +1 . 

Proof. Simple exercise. □ 

The lemma below establishes an important connection between estimates naturally emerging 
from the representation (f20|) and the standard estimates related to the space of homogeneous 
type ((0, 7r), dfi aj p, | • |). This is the essence of the whole technique. A similar result, with 
appropriate adjustments, holds also in a multi-dimensional setting. 

Lemma 4.3. Let a, /3 > -1/2. Then 

dU a (u)dU[,(v) 1 
(q(9,ip,u,v))«+^/2 -^(£(0,^-01))' ^t^vrj, » + <p, 

[q{9, p, u, v)) a +P +2 \9 - <p\ii a ^{B{9, \<p - 9\)) 
To prove this we will need the following simple estimate, see Lemma 5.8]. 

Lemma 4.4. Let 7 > —1/2 and A > be fixed. Then 

dILy(s) < 1 
(A - 5s)7+i/2+a ~ A-r+y^A - B) x ' > > ' 

Proof of Lemma \4.3[ Applying Lemma 14.41 first to the integral against dllp{v) and then again 
to the integral against dH a (u) we obtain 
dU a (u)dUp(v) 
(q(9,p,u,v)) a +P+y 2 

dH a (u) 



< 



(1-u sin f sin f )W2(i - cos § cos f - nsin | sin f 
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1 f dH a (u) 



(1-sinf erinfy+Va J ( X _ cos | cos 2 _ nsin | sin £)a+i 

< 1 

~ (1 - sin f sin f )/3+i/2(i _ C os § cos f )<*+V 2 (l - cos | cos f - sin f sin f )V 2 

We now observe that 

03 . 2 9 — if . 2 9 + if n2 1 

1 — cos - cos — = sm h sm ~ 9 + <p , 

2 2 4 4 Y ' 

. 9 . If . o 9 — If o 9 + If . n .n , , 2 

1 — sm — sm — = sm h cos ~ (7r — 6M +I7T— cp) , 

2 2 4 4 v ' v ; 

1 V . . <p 6 — (p . 2 9 - cp 2 

1 — cos - cos sm - sm — = 1 — cos = 2 sin ~ fc> — oj) , 

2 2 2 2 2 4 v ^ ; 

which gives 

dU a (u)dUfs(v) 1 



(g^,^^^))^^ 3 / 2 ~ \9 - + V 2 ) a+l / 2 {{-n - 9) 2 + {11 - ^) 2 y+ l l 2 ' 

uniformly in 9, tp G (0, 7r). This, in view of Lemma 14.21 implies the first estimate of the lemma. 
Parallel arguments justify the remaining estimate. □ 

The following technical result will be frequently applied in the proofs of the kernel estimates. 

Lemma 4.5. For all 9,tp £ (0, ir) and u,v £ [—1, 1], one has 



\d e q(9,ip,u,v)\ < y / q(9,ip,u,v) and |<%,g(6>, tp, u,v) \ < y / q(9,<p,u,v). 

Proof. It is sufficient to show the first inequality, since the second then follows from the sym- 
metry q(9, 93, u, v) = q(ip, 9, u, v). Observe that 

(22) q(9, cp, u, v) = 1 — cos - — — + (1 — u) sin - sin — + (1 — v) cos - cos — . 

Thus we have 

10 , n m 1 . 9 — tp . . 9 . ip > . 9 ip 

\dgq(9,<p,u,v)\ = - sm— h (1 - u) cos - sm - - (1 - v) sm - cos - 



2 



2 v 2 2 v '22 



<\e-(p\ + (i- u)ip + (1 - u)(tt - (p). 



In the last expression, the first term is controlled by y q(9, tp, u, v) because, in view of (f22j) . 
q(9,tp,u,v) > {6 — ip) 2 . For the second term, we write 

(1 - u) V < (1 - u) 2 {9 2 + ip 2 ) = (1 - u) 2 (9 - ip) 2 + 2(1 - u) 2 9ip 

< (9-^) 2 + (l-u) sin t sin | 

< q(9,ip,u,v). 

A reflection of this argument in ir/2 covers the third term. □ 

We remark that 1 / \[2 is the optimal constant for the inequalities in Lemma 14.51 but proving 
this requires a more detailed analysis. 

The result below will come into play when we verify the smoothness estimates (JSj) and © 
for the relevant vector- valued kernels. It will enable us to reduce the difference conditions to 
certain gradient estimates, which are easier to verify. 
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Lemma 4.6. For all 8,6,ip G (0, it) with \9 — tp\ > 2\9 — 9\ and all u, v G [—1, 1] 



q(8,ip,u,v) ~ q(0,<p,u,v). 



Similarly, for all 9,<p,ip G (0, tt) with \9 — ip\ > 2\(p — ip\ and all u,v G [—1, 1] 



q(9,(p,u,v) ~ q(9,<p,u,v). 



Proof. For symmetry reasons, it is enough to verify the first relation. By (|22[) 
(23) g(0, it, u) ~ (0 - + (1 - u)9ip + (1 - v)(tt - 9){tt - ip). 



The three terms in the expression (|23p together determine the order of magnitude of q(9, cp, u, v). 
When 9 is replaced by 9, the first term does not change its order of magnitude, because of the 
hypothesis made. To deal with the second term, we first assume that ip < 29. Then the 
hypothesis implies \8 — 9\ < \9 — ip\/2 < 9/2. Thus 9 ~ 9, which means that the replacement 
does not change the order of magnitude of the second term. In the remaining case <p > 29, we 
have (p ~ \<p - 9\ ~ \(p - 9\ and 9 < \<p - 9\, so that 9 < 9 + \<p - 9\/2 < \<p - 9\. Then the 
second term is dominated by the first, in (|23|) and in the analogous expression with 9 instead 
of 9. Since the third term can be treated like the second after a reflection in tt/2, the lemma 
follows. □ 

In the sequel we will often omit the arguments and write q instead of q{9,ip,u,v). We shall 
tacitly assume that passing with the differentiation in 9, or ip or t, under the integral against 
dll a {u) dTlp^v) or against dt is legitimate; similarly for changing orders of integrals or sums. 
This is indeed the case in all the relevant cases, which may be verified in a straightforward 
manner by means of the estimates obtained in the proof of Theorem \2A\ see [16\ Section 5] or 
[241 Section 4] where the details are given in the context of Laguerre function expansions. 

We are now in a position to give the proof of Theorem 12.41 We first treat the kernel 
{Ht'^(9,ip)}t>o associated to the Jacobi-Poisson semigroup maximal operator, which is the 
easiest to estimate. 

Proof of Theorem \2.4\ the case of H*' 13 . We first deal with the growth condition ([7]) specified 
to B = X. Observe that 



and the growth bound follows immediately from Lemma 14.31 

To show the smoothness conditions ([8]) and ([9]), it is enough to consider (J5]), by symmetry. 
We first analyze the derivative dgH'^' l3 (9,ip). Applying Proposition 14.11 and Lemma 14.51 we get 



sinh | 1 



(cosh \ - 1 + q)«+/3+2 ~ q a+/3+3/2 ' 



uniformly in q and t > 0. For t small this follows by the asymptotics cosh | — 1 = 0(t 2 ), t — > 0, 
and for large t we use the asymptotics tanh | = 0(1), t — > oo, and boundedness of the quantity 
q. Then Proposition 14.11 implies 




20 A. NOWAK AND P. SJOGREN 



< S inh- H dR a {u)dK p {v) 



2 J J (cosh I - 1 + q)«+/?+5/2 • 
By the Mean Value Theorem and the above estimate, we have 

\H^{9^)-H^{9'^)\ < \e-e'\\d 9 H^{e^)\ 

< \9 - 9>\ sinh * // gWgW , 

where is a convex combination of 9 and 0' (notice that 9 depends also on t). Then assuming 
that \9 — ip\ > 2\9 — 0'\, which implies \9 — cp\ > 2\9 — 0\, and using Lemma |4.6|, we get that 



\H^(9,<p)-H^(9',tp)\<\9-9'\smh- 



2JJ (cosh|-l + q)°+W2- 
Now the conclusion follows by Lemma 14.31 as in case of the growth estimate. □ 

We next show that the kernels associated to the imaginary powers of the Jacobi operator 
satisfy the standard estimates for a, (3 > —1/2 such that a + f3 > — 1 (the case a = (3 = —1/2 
must be excluded since then is an eigenvalue of the Jacobi operator) . Recall that 

Kf(9, <p) = f ^-y J H^(9, cp^-'dt, 7 G M\{0}. 
Proof of Theorem \2.4\ the case of 1° . By Proposition 14.11 



jo t 2 J J (cosh § - l + q) c 
We now split the integral in t into the intervals (0,1) and (l,oo) and denote the resulting 
integrals by Iq and loo, respectively. Then 



In < 



J J dU a (u)dU (v) ^ (f2 + dt 



and changing the variable 1 1— > we get 

, r dU Q (u)dU^v) r°° ds ff dU a (u)dU^(v} 



q a+/3+3/2 7 Q (I + s 2)q+/3+2 ~ J J ' 

Estimating 1^ is even more straightforward; we have 

^ 2 dt f f / \ ttt i \ ^ f f dU a (u)dU^(v) 



qa+^+3/2 



where in the last step we used the boundedness of q. In view of Lemma [4.3l the growth condition 
([7]) (with B = C) for K^(9, <p) follows. 

To show the gradient condition (110f) . we use analogous arguments combined with Lemma [4. 51 
For symmetry reasons, we may consider only the partial derivative in 9. Then 

Applying Lemma 1431 and proceeding as before, we get 



OO 



1 t ff dU a {u)dU p (v) ff dU a (u)dU^(v 



: I -Huh-// — — . - „ <u < 



(cosh § - 1 + q)«+/3+5/2 ~ 77 q a+/3+2 
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The desired conclusion follows now from Lemma 14.31 □ 
The next kernels to be considered are those of the Riesz-Jacobi transforms of arbitrary order 



1 r°° 



dt, 



N > 1. 



However, for the sake of clarity and the reader's convenience, we first treat separately and in 
greater detail the more elementary case of the Riesz-Jacobi transform of order N = 1. We will 
write simply R a '^(6, tp) instead of R" ,/3 (9, <p). 

Proof of Theorem \2.4\ the case of . By an elementary computation and Lemma 14.51 

\dec\\ 



\K* ,f3 (9,<p)\ <y°°smh^ J J dU a (u)dU^(v 
dU a (u)dU^v) 



(cosh 4 - 1 + q) a +P+ 3 



dt 



//' 



sinh | dt 



(cosh + q)«+/3+5/2 • 



From here we proceed as in the case of 1°'^. Splitting the integral in t into Iq and 1^, as before, 
we get 



J J du ^ du ^ y (t 2 +q)a+ w2 * yy 
yy dn a (u)dj\p{v) 



3*/ 2 dt 



+/3+3/2 
dlL^d!!^) 



(1 + s 2)o+/3+5/2' 



,a+£+3/2 



(gt/2)a+/3+5/2 <■ 

where in the last estimate we used the boundedness of q. Thus 

dR a {u)dn.p{v) 



\R a 'H0,v)\< 



-.0+/3+3/2 



and the asserted growth condition (|7|) (with B = C) follows from Lemma 14.31 

We pass to the smoothness condition (fTUj) and start by finding bounds for the relevant 
derivatives. Observe that since d$q = (1 — q)/4, 



deq 







V (cosh f -l + q)"+/3+3 



< 



(<%q) 



+ 



1 



(cosh § - 1 + q) Q +/ 3 + 4 (cosh § - 1 + q)«+/ 3 



< 



\a+/3+3 ' 



(cosh | - 1 + q) c 

where in the last step we used Lemma 14.51 and the boundedness of the quantity q. Similarly, 
using this time both inequalities of Lemma l4.5( 



deq 



-(— 

5^ V (cosh | - l + q) a +0+ 3 



< 



|<%qc\>q| 



II 



(cosh § - 1 + q) Q +0+ 4 (cosh § - 1 + q)^ 



< 



(cosh \ - 1 + q)«+/3+3 • 
Taking the above bounds and (|20p into account, we see that 



5_ 

50 



+ 



d_ 

dip 



R a >P(6,p) 



II 



dn a (u)dnp(v) 



sinh | (it 



(cosh § - 1 + q)«+/3+3 • 
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Arguing as in case of the growth condition, we infer that 



< 



dH a (u)dIL/3 (v) 

a a+P+2 



and this combined with Lemma 14.31 leads to the desired conclusion. □ 

To estimate the kernel R'^J l3 (9,if) for a general N > 1, we will need the following technical 
result. 



Lemma 4.7. For a, (3 > -1/2 and N = 0,1,2, ... 



^(cosh--l + q 



d^dg ( cosh - - 1 + q 



-ot-P-2 



-Oi-P-2 



< 



< 



1,2,... 










(cosh | 


-1 + q) 


-a-P- 


-2-N/2 

3 


t < 1 


(cosh | 


- 1 + q) 


-a-P- 


-5/2 

3 


t > 1, N > 1 


(cosh | 


-1 + q) 


-a-P- 


-5/2-N/2 


* < 1 


(cosh | 


-1 + q) 


-a-P- 


-5/2 

j 


t > r 



Clearly, this still holds if a + j3 is replaced in both sides of the inequalities by any quantity 
7 satisfying 7 > — 1. 

Proof of Lemma \4- 1\ We assume N > 1. The simple case vV = is left to the reader. To 
analyze the relevant derivatives, we will use Faa di Bruno's formula. Choosing g(x) = x~ a ~^~ 2 
and f(9) = cosh | — 1 + q in (jl6|) . it follows that <9^(cosh | — l + (\)~ a ~P~ 2 is a linear combination 
of expressions of the form 

1 ' (cosh| - l + q)a+P+2+k 1+ ...+k N ' 

where k\ + 2A;2 + . . . + Nkjy = N. Since for m > 1 

d 2 e m q = (-4)" m (q - 1), dl m -\ = {-4) l - m d e <\, 
we see by Lemma 14.51 and the boundedness of q that for m > 1 



< 



1, m even 
y^, m odd 



This combined with (|24p implies 



^(cosh--l + q 



-a-/3-2 



ki+ks+...+k; 



< 

/ ■ fcosh 1 - 1 + n)«+/3+2+fci- 



where iV = A if iV is odd and N = N — 1 if N is even. Taking into account the boundedness of q 
and observing that the constraint k\+2k2+. ■ .+Nk n = A forces k\+. . .+k^— (ki+ks+. . .+k^)/ 
2 < N/2, we get the first two estimates of the lemma. 

Applying to ([24"]) . we infer that c^c^cosh | — 1 + q) _Q_ ^ _2 is a linear combination of 
expressions of the form 



(cosh § - 1 + q )a+/3+3+fei- 



and 



(^q^-.-^q^^q/^q 
(cosh § - 1 + q )»+P+2+k 1+ ...+k N 
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where k\ + 2&2 + • • • + Nk^ = N, i = 1, . . . , N; for the second form we exclude the cases when 
ki = 0. By means of the bounds on |<9™q| and \d^q\ (cf. Lemma H~5j) . and the boundedness of 
| c^c^ql and q, we conclude that 

t \ -a-P-2 



d v d^ cosh ~ - 1 + q 

s E 

fci+2fc 2 +...+A r fcjv=A r 



^/qA;i+fc 3 + ...+A:^ ^k 1 +k 3 +...+k ]<r -l 



< 



E 



(cosh f - 1 + q )«+/3+5/2+fci+...+fciv (cosh I - 1 + q)«+/3+2+fei+...+fciv 

^/qfci+A;3+...+A^-l 



( cos h | - 1 + q)a+/3+5/2+fei + ...+fcjv-l/2 ' 



k 1 +2k 2 +...+Nk N =N v 2 

Now the last two estimates of the lemma follow as before. □ 



Proof of Theorem \2.4\ the case of R\f . We have 



= J J dn a (u)<mp(v) {,h + Joe), 



/•OO j. , x * _„,_«_9 



^(cosh--l + q N 



where Jo and are the integrals in t over (0,1) and (l,oo), respectively. To bound these 
integrals, we apply Lemma 14.71 and get 

/- 1 t N dt < 1 Z" 00 s^rfs < 1 







(£2 _|_ q-)a+/3+2+Af/2 ~ q Q +/3+3/2 y Q M _|_ a 2\a+/8+2+JV/2 ~ qa+,3+3/2 ' 



t/2 t N-l dt 1 
T < I — _ < 1 < 



Thus 



( e t/2)a+/3+5/2 ~ ~ qQ+/3+3/2' 



\R a /(o,<p)\< II 



q a+/3+3/2 



and the asserted growth condition ([7]) (with B = C) follows from Lemma 14.31 

To prove the smoothness condition (|1U|) . we argue as above, this time using both estimates 
of Lemma 14.71 (the first one with N replaced by N + 1). We find that 

dU a (u)dU/s(v) 



\d e R a /(6,v)\ + \d v R a /(e,v)\< ff 



qa+^+2 



and this combined with Lemma 14.31 leads to the desired conclusion. □ 

We finally deal with the g- functions based on the Jacob i-Poisson semigroup. The kernel to 
be estimated is {d^ 1 H"' 13 (9 , (f)}t>o taking values in B = L 2 (t 2M+2N ~ 1 dt). Here we consider 
M, N = 0, 1, . . . such that M+N > 0, so that the cases of the vertical and horizontal (/-functions 
are included. To proceed, we will need a generalization of Lemma 14.71 Denote 

„ a . , sinh % 

$ a <P(t a) = 

1 ' qJ (cosh § - 1 + q)«+/3+2 ' 

Notice that in view of Proposition 14.11 this expression, integrated against dH a (u) dTIp(v), gives 
up to a constant factor the Jacobi-Poisson kernel. 
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Lemma 4.8. Let a,j3> — 1/2 and M,N > be given. Then 
(25) 



\dfd^^{t A )\< 



2 

(cosh § - 1 + q)-"-' 3 - 3 / 2 , t>\, if N>1 

(cosh | - 1 + (\)- a - f} - 1 , t>l,ifN = 

(cosh \ - 1 + q)-\ i > 1, if N = 0, M > 1, a + /3 = -1 



and 



(coshf - 1 + q)- a - /3 " 2 - M ^, i<l 
(cosh | - 1 + q)- a -/ 3 " 3 / 2 , t>l 



Proof. We shall use Faa di Bruno's formula (|16p and the estimates from Lemma 14.71 Observe 
that $ a, P(t, q) can be written, up to a constant factor, as 

/t \ -ct—p—i 

d t y cosh - - 1 + qj 

if a + & + 1 > 0, or as d t ln(cosh |-l + q)ifa + /3 + l = 0. Applying (USD to d t M+1 (# o /) with 
f(t) = cosh | — 1 + q and either g(x) = x _Q_/3 ~ 1 or = lnx, we see that d^^ a,l3 (t, q) is a 
linear combination of expressions of the form 

/ . , t\Eoddi<i\/+l fc * / , i\Eevcni<A/+l fc i / , t „ \-a-P-l-(kl+...+k M +l) 

(26) sinh — J - (, cosh 2J ~ (cosh--l + qj 

where k\, . . . , k^+t > satisfy the constraint ki + 2/c 2 + . . . + (M + l)/sjy-fi = M + 1. From 
here the third estimate in (I25D readily follows. 

To get the first bound in (|25p . we combine (|26p with the first bound in Lemma 14.71 taken 
with —a — f3 — 2 replaced by —a — j3 — 1 — (k% + . . . + kM+i)- The conclusion is that when t < 1 

|S^flf* a ^(t,q)| 

. v-^ / . , i \Eoddi<M+l fc * / , t\E™n.<M+l fc ./ , t \-a-P-l-(k 1 +...+k M+1 )-N/2 

<2^^smh-J V COsh 2/ cosh - — 1 + q J 

the sum running over ki, . . . , fcjw+i > such that k\ + 2k2 + . . . + (M + 1)/cm+i = M + 1. This 
leads to 

\nN a M^aPn \\ ( J 1, \ -°-/ 3 - 1 -^/ 2 -( fc i+-+ fc M+i)+Eodd l < A f +1 

| ^ V (t, q) | < 2^ ( cosh g ~ 1 + V 

for i < 1. Taking into account the boundedness of q and the fact that the constraint on 

k\, . . . , kni+i forces (k\ + . . . + k M +i) - ^2 ddi<M+i - ( M + l)/ 2 * we S et tne fi rst estimate 
in ([25]). 

Justifying the second bound in (j25[) goes along the same lines. Combining (|26p with the 
second bound in Lemma 14.71 we see that when t > 1, 

|afaf$^(t,q)| 

/ / , £ \Eoddi<M + l fc i / , hEcvonKM+l^/ , t \ -01-0-3/2- (fel + . . . + k M +l ) 

<2^^smh-J (, cosh 2; (^ c osh--l + qJ 

the sum running over the same k\, . . . , &m+i as before. The conclusion follows. 
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The fourth bound in (|25p is slightly more subtle. When a = (3 = —1/2 there are important 
cancellations between terms emerging in ^$ —1 ' 2,- ' 1 ' 2 (i, q). A simple computation gives 

t 



1/9 1/9 / x 1 + (q — 1) cosh ^ 

To analyze the (M — l)th derivative in i of this expression, we view it as a product of the 
functions h\(t) = 1 + (q — l)cosh| and h 2 (t) = (cosh | — 1 + q)~ 2 and then apply Leibniz' 
rule to hihz and Faa di Bruno's formula to h*2- This shows that d^&~ 1 / 2 ' -1 / 2 (t, q) is a linear 
combination of expressions d^hx(t)d^- l ~ k h 2 (t), < k < M — 1, where 

'l + (q-l)cosh|, ifjfe = 
d^hi(t) ~ ^ (q - 1) cosh |, if fe > and k is even 
(q — 1) sinh |, if A; is odd, 

and d^~ 1 ~ k h2(t) is a linear combination of expressions 

/ . i \ £oddi<A/-l-fc £ i ( t\2~2c V cni<M~l-k i i ( t \ -2- + . . .+£ M _ 1 _ k ) 

[smh-J V cosh 2; [ cosh 2~ 1 + q ) 

with It, . . . ,£ M -i-k > 0, l\ + 2£ 2 + ... + (M - 1 - fc)^M-i-fc = M - 1 - fe. Now the desired 
conclusion follows from the boundedness of q. 

The remaining two bounds of the lemma are proved by combining (|26[) with the last two 
estimates of Lemma 14.71 All the relevant arguments were already presented above. Notice 
that since the derivative cL is always present, the singular cases connected with absence of the 
horizontal component (A = 0) do not occur here. □ 

Proof of Theorem \2.4\ the cases of gy 13 , g°^f andg^f N . By (|20p and Minkowski's integral in- 
equality 



L 2 (t 2M + 2N ~ 1 dt) 

1/2 



We split the inner integral in t according to the intervals (0,1) and (l,oo) and denote the 
resulting integrals by Jo and Jqo, respectively. Then by Lemma 14.81 and the change of variable 
t = y/qs, 

r 1 t^+^-^t i r s 2M+2N ~ i d S i 

^0 ~ / 779 I _\ 9/v-l-9fl-l-.1-l- WZ N — 



l Q (f2 _|_ q~)2a+2/3+3+Af+Af - q2a+2/3+3 J Q M _|_ s 2\2a+2/3+3+M+N ~ ^2a+2j3+3 

and, taking in addition the boundedness of q into account, 

poo +2M+2N-1 j+ 1 

/ < / < ' 



I ~ q2a+2/3+3 

for some constant £ = £(a,/3), and £ > in all cases. Therefore 



Wr)¥TJ a ^(ft m\\\ , . < 



dn a {u)diip{v) 



\\de 9 t H t > (6,ip)\\ L2{t2M+2N _ ldt) ^ j j a+p+3/2 
and the growth condition ([7]) with IB = L 2 (t 2M+2N ~ 1 dt) follows from Lemma |4.3 
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To prove the smoothness conditions (JSj) and ©, we first use Lemma [4.8l to bound the relevant 
derivatives, getting 

\d e dfd^H^{e^)\ + %d$dfH^{eM\ 



JJ dU a (u)dU p (v) (cosh | - 1 + q)- a -l 3 ~ 2 - M i K , t < 1 
// dUai^dU^v) (cosh | - 1 + q)- a -^" 3 / 2 , t > 1 



< 



Then the Mean Value Theorem, Lemma 14.61 and the assumptions \6 — (p\ > 2\9 — 9'\, \6 — ip\ > 
2\(p — ip'\ (considered separately for ([8]) and ©, respectively) lead to the estimates 

\d»d t M H^(6, & - d$d™H^(p', <p)\ 

\6 - 6'\ JJ dU a (u)dU p (v) (cosh I - 1 + q)-^- 2 -^, t < 1 



and 



\6 - e'\ JJ dU a (u)dIL p (v) (cosh f - 1 + q)- a -^ 3 / 2 , t > 1 



\<p - cp'\ JJ dIl a (u)dUp(v) (cosh | - l + q)- a -P~ 2 -^, t < 1 
\ip-<p'\JJ dU a (u)dU p (v) (cosh | - l + q)- ^- 3 / 2 , t>l 

Proceeding as in the first part of the proof, we get 

W^afH^ie,^- d^H^(9\ v )\\ L2(t2M+ ^ ldt) <\e-e'\jj ^ffffi (t,) , 
\\a?a?H?f>{o,<p) - d$a™H?^e,v% L ^ M+ ^ dt) <W- j\ jj 

An application of Lemma 14.31 now finishes the proof. □ 
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